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ON SOME DETERMINANTS INVOLVING CYCLOTOMIC
UNITS
HAI-LIANG WU
Abstract. For each odd prime p, let ζp denote a primitive p-th root of
unity. In this paper, we study the determinants of some matrices with
cyclotomic unit entries. For instance, we show that when p ≡ 3 (mod 4)
and p > 3 the determinant of the matrix
(
1−ζj
2k2
p
1−ζj
2
p
)
1≤j,k≤(p−1)/2
can be
written as (−1)h(−p)+12 (ap + bpi√p) with ap, bp ∈ 12Z and{
νp(ap) = νp(bp) =
p−3
8 if p ≡ 3 (mod 8),
νp(ap) = νp(bp) + 1 =
p+1
8 if p ≡ 7 (mod 8),
where νp(x) denotes the p-adic order of a p-adic integer x, and h(−p)
denotes the class number of the field Q(
√−p). Meanwhile, let ( ·p ) denote
the Legendre symbol. We have
2
p+1
2 apbp = (−1)
p+1
4 p
p−3
4 det[S(p)],
and
2
p−1
2 (a2p − pb2p) =
p− 1
2
(−p) p−34 det[S(p)],
where det[S(p)] is the determinant of the p−12 by
p−1
2 matrix S(p) with
entries S(p)j,k = (
j2+k2
p ) for any 1 ≤ j, k ≤ (p− 1)/2.
1. Introduction
Let p be an odd prime and let ζp be a primitive p-th root of unity. Let
Z[ζp]
× denote the group of units of Q(ζp) and let Vp be the group generated
by the set
{±ζp, 1− ζkp : 1 ≤ k ≤ p− 1}.
Then the group of cyclotomic units Up is defined by
Up = Vp ∩ Z[ζp]×.
The group of cyclotomic units has close relations with the class number of
the field Q(ζp + ζ
−1
p ). Readers may see [6] for more details. On the other
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hand, the product ∏
1≤k≤p−1
(1− ζk2p )
has deep connections with the class number and fundamental unit of the
unique quadratic subfield of Q(ζp). Indeed, as a corollary of the analytic
class number formula (cf. [2, p.344 Theorem 2]), when p ≡ 1 (mod 4) we
have ∏
1≤k≤p−1
(1− ζk2p ) = ε−h(p)p
√
p, (1.1)
where h(p) and εp > 1 are the class number and the fundamental unit of
the field Q(
√
p) respectively. And when p ≡ 3 (mod 4) and p > 3 we also
have ∏
1≤k≤p−1
(1− ζk2p ) = (−1)
h(−p)+1
2 i
√
p, (1.2)
where h(−p) denotes the class number of the field Q(√−p).
Recently Sun [4] investigated the determinants of matrices with Legendre
symbol entries. He first studied the matrices
S(p) =
((
j2 + k2
p
))
1≤j,k≤(p−1)/2
,
T (△, p) =
((
j2 +△k2
p
))
0≤j,k≤(p−1)/2
,
and
S(△, p) =
((
j2 +△k2
p
))
1≤j,k≤(p−1)/2
,
where ( ·
p
) denotes the Legendre symbol and △ is a quadratic non-residue
modulo p. In this line, later Sun [5] studied the determinants of some
matrices concerning the tangent function.
Inspired by the above results, in this paper we mainly focus on the de-
terminant of the matrix with cyclotomic unit entries. Let
Cp =
(
1− ζj2k2p
1− ζj2p
)
1≤j,k≤(p−1)/2
.
We will see later that the determinant det[Cp] has close relations with de-
terminants of the matrices S(p), T (△, p) and S(△, p).
Now we are in the position to state our main results of this paper.
Theorem 1.1. Let p ≡ 3 mod 4 be a prime with p > 3. Then we may
write
det[Cp] = (−1)
h(−p)+1
2 (ap + bpi
√
p),
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with ap, bp ∈ 12Z and{
νp(ap) = νp(bp) =
p−3
8
if p ≡ 3 (mod 8),
νp(ap) = νp(bp) + 1 =
p+1
8
if p ≡ 7 (mod 8),
where νp(x) denotes the p-adic order of a p-adic integer x. Meanwhile,
2
p+1
2 apbp = (−1)
p+1
4 p
p−3
4 det[S(p)],
and
2
p−1
2 (a2p − pb2p) =
p− 1
2
(−p) p−34 det[S(p)],
From Theorem 1.1, it is easy to obtain the following result.
Corollary 1.1. Let notations be as in the Theorem 1.1. Then
ν2(det[S(p)]) ≥ p− 3
2
.
When p ≡ 1 (mod 4), there are a, b ∈ Z with 2 ∤ a such that p = a2 + b2.
Then we have the following result.
Theorem 1.2. Let p ≡ 1 (mod 4) be a prime. Then we may write
det[Cp] =
ε
h(p)
p√
p
(αp + βp
√
p)
√(
2
p
)
2p+ 2a
√
p,
with αp, βp ∈ Q. Meanwhile, we have
±2 p+14 b(α2p − pβ2p) = p
p−1
4 det[T (△, p)].
2. Proofs of Theorem 1.1–1.2
Throughout this section, we write p = 2m+ 1.
For each a ∈ Z with gcd(a, p) = 1, clearly
(a · 1)2 (mod p), · · · , (a ·m2) (mod p)
is a permutation on
12 (mod p), · · · , m2 (mod p).
We denote this permutation by τa. Then we have the following result con-
cerning the sign of τa.
Lemma 2.1.
sgn(τa) =
{
1 if p ≡ 3 (mod 4),
(a
p
) if p ≡ 1 (mod 4).
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Proof. By definition our result follows from
sgn(τa) ≡
∏
1≤i<j≤m
a2j2 − a2i2
j2 − i2 = a
m(m−1) ≡
(
a
p
) p+1
2
(mod p).

Before the statement of our second lemma, we first observe the following
fact. When p ≡ 1 (mod 4), we may write p = a2 + b2 with a, b ∈ Z and
2 ∤ a. In this case, Q(ζp) has a unique quartic subfield Q(δp), where
δp =
√(
2
p
)
2p+ 2a
√
p.
In fact, let
g(4) =
∑
0≤t≤p−1
ζ t
4
p .
Then g(4) has close connection with the quartic Gauss sum. Readers may
see [1] for more details. And we have (cf. [1, (4.6)])
g(4) =
√
p±
√(
2
p
)
2p+ 2a
√
p.
Hence Q(δp) is exactly the unique quartic subfield of Q(ζp).
Lemma 2.2. Let p be an odd prime and let Dp be a matrix of the form
Dp = (ζ
j2k2
p )0≤j,k≤m.
We have the following results.
(i) If p ≡ 3 (mod 4), then we may write
det[Dp] = (up + vpi
√
p)
with up, vp ∈ 12Z.
(ii) If p ≡ 1 (mod 4) of the form a2 + b2 with a, b ∈ Z and 2 ∤ a, then we
may write
det[Dp] = (αp + βp
√
p)
√(
2
p
)
2p+ 2a
√
p
with αp, βp ∈ Q.
Proof. Let For each a ∈ Z with gcd(a, p) = 1, the automorphism σa ∈
Gal(Q(ζp)/Q) is defined by sending ζp to ζ
a
p . Then we have
σa2(det[Dp]) = det[(ζ
a2j2k2
p )]0≤j,k≤m =
(
a
p
) p+1
2
det[Dp].
ON SOME DETERMINANTS INVOLVING CYCLOTOMIC UNITS 5
The last equation follows from Lemma 2.1. Hence by the Galois correspon-
dence we obtain
det[Dp] ∈
{
Q(i
√
p) if p ≡ 3 (mod 4),
Q(δp) if p ≡ 1 (mod 4).
And when p ≡ 1 (mod 4), we also have
(det[Dp])
2 ∈ Q(√p).
When p ≡ 3 (mod 4), clearly det[Dp] is an algebraic integer. Hence we
may write
det[Dp] = up + vpi
√
p
with up, vp ∈ 12Z.
When p ≡ 1 (mod 4), we first write
det[Dp] = xp + ypδp
with xp, yp ∈ Q(√p). Since
(det[Dp])
2 = x2p + y
2
pδ
2
p + 2xpypδp ∈ Q(
√
p),
we have xpyp = 0. Noting that det[Dp] 6∈ Q(√p), we therefore obtain
xp = 0. Writing yp = αp + βp
√
p, we get the desired result. The proof is
now complete. 
det[Dp] has close relations with det[Cp]. In fact, it is easy to verify the
identity
det[Dp] = (−1)m ×
∏
1≤k≤m
(1− ζk2p )× det[Cp]. (2.1)
Now we are in the position to prove our main results.
Proof of Theorem 1.1. Let p > 3 be a prime with p ≡ 3 (mod 4). We have
(cf. [3, p.71 Proposition 6.3])(
j2 + k2
p
)
=
1
i
√
p
(
1 + 2
∑
1≤t≤m
ζ t
2(j2+k2)
p
)
for any 1 ≤ j, k ≤ m. Let D˜p be a matrix of the form (ajk)0≤j,k≤m, where
ajk =
{
1 if k = 0,
2ζj
2k2
p otherwise .
Then we have
D˜pDp = i
√
p · Ep,
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where Ep is a matrix of the form (ejk)0≤j,k≤m with
ejk =
−i
√
p if j = k = 0,(
j2+k2
p
)
otherwise .
For each 1 ≤ k ≤ m, we have (cf. [3, p.63])
1 + 2
∑
1≤j≤m
(
j2 + k2
p
)
= −1.
This shows that ∑
1≤j≤m
(
j2 + k2
p
)
= −1.
Hence for each 1 ≤ k ≤ m the sum of entries in the k-th column of Ep is
equal to 0. Thus it is easy to verify the following identity
2m(det[Dp])
2 = (−p)m+12 (−i√p +m) · det[S(p)] (2.2)
Using the notations in Lemma 2.2, we obtain the following equations
2m(u2p − pv2p) = (−p)
m+1
2 ·m · det[S(p)], (2.3)
2m+1upvp = −1 · (−p)m+12 · det[S(p)]. (2.4)
Sun [4] proved that p ∤ det[S(p)]. This gives that
u2p − pv2p
upvp
=
up
vp
− pvp
up
= −2m. (2.5)
If νp(up) < νp(vp), then by (2.5) up/vp is a p-adic integer. We get a contra-
diction. Suppose now νp(up) ≥ νp(vp). This implies that pvp/up is a p-adic
integer. Hence we have
1 + νp(vp) ≥ νp(up) ≥ νp(vp). (2.6)
As p ∤ det[S(p)], by (2.3) we have νp(up) + νp(vp) =
m+1
2
. Hence
νp(up) =
{
νp(vp) + 1 =
p+5
8
if p ≡ 3 (mod 8),
νp(vp) =
p+1
8
if p ≡ 7 (mod 8).
By (2.1) we know that
det[Dp] = (−1)m ×
∏
1≤k≤m
(1− ζk2p )× det[Cp]
= −1 · (−1)h(−p)+12 i√p · det[Cp].
Hence
det[Cp] = (−1)
h(−p)+1
2 (−vp + up
p
i
√
p).
ON SOME DETERMINANTS INVOLVING CYCLOTOMIC UNITS 7
Let ap = −vp and let bp = up/p. We get the desired result. This completes
our proof. 
Proof of Theorem 1.2. Let p ≡ 1 (mod 4) be a prime and let △ be a
quadratic non-residue modulo p. Let D△p = (ζ
△j2k2
p )0≤j,k≤m and let D˜p be
as in the proof of Theorem 1.1. Then it is easy to see that
D˜pD
△
p =
√
p · Fp, (2.7)
where Fp = (fjk)0≤j,k≤m with
fjk =

√
p if j = k = 0,(
j2+△k2
p
)
otherwise .
Noting that
det[Fp] =
√
p · det[S(△, p)] + det[T (△, p)],
we therefore obtain that
2m·det[Dp]·σ△(det[Dp]) = (√p)m+1·(√p·det[S(△, p)]+det[T (△, p)]), (2.8)
where σ△ is the automorphism in Gal(Q(ζp)/Q) with σ△(ζp) = ζ
△
p . Let the
notations be as in Lemma 2.2. Noting that
σ△
(√(
2
p
)
2p+ 2a
√
p
)
= ±
√(
2
p
)
2p− 2a√p,
we have
±2m(α2p − pβ2p)
√
4p2 − 4ap = ±2m+1b(α2p − pβ2p)
√
p
= p
m+2
2 det[S(△, p)] + pm2 det[T (△, p)]√p.
This shows that
det[S(△, p)] =0, (2.9)
±2m+1b(α2p − pβ2p) =p
m
2 det[T (△, p)]. (2.10)
By (2.1) our desired result follows from the equation
det[Dp] =
∏
1≤k≤m
(1− ζk2p )× det[Cp]
=ε−h(p)p
√
p× det[Cp].
This completes the proof. 
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